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Abstract. The Bloch-Beilinson's conjecture implies that the action of a sym- 
plectomorphisni on the second Chow group of a _ftr3-surface must be the iden- 
tity. GeneraHzing the method developed in |20] we non-conjecturally prove 
the identity action of the Nikulin involution on the second Chow group for 
intersections of cubics and quadrics in P*, thus covering the d = 3 case in 
terms of [7]. Then we give explicit geometrical description of the invariant 
and anti-invariant components of the Prym variety associated to a smooth 
cubic 3-fold invariant under the above involution, and use it to show that 
the anti-invariant component vanishes when passing to 0-cycles on the generic 
fibre of an intersection with a pencil of invariant quadrics in P"*. 



1. Introduction 

Let A; be a subfield in C, and let X be a ii'3-surface over k. Suppose we are 
given with a regular automorphism t oi X over k, such that its complexification 
Tc acts identically on the generator uj of the Hodge summand H^''^{X^) in the 
second cohomology of the complex manifold X^. Then we say that r is an 
algebraic symplectomorphism of the i^S-surface X over k. The Bloch-Beilinson 
conjecture, [10], which is a global view in intersection theory, predicts that the 
action of r on the second Chow group CH'^{X) (with coefficients in Q) is the 
identity, see [9]. 

Symplectomorphisms over C have order < 8, see [16]. If r is of order 2, i.e. r 
is a Nikulin involution, then p > 9, where p is the rank of the Neron-Severi group 
NS{X), see [7]. Assume that p = 9 and let L be a generator of the orthogonal 
complement of the lattice E8{—2) in NS{X) whose self-intersection is 2d > 0. 
Let r be a direct sum of ZL and Es{—2), if d is odd, or the unique even lattice 
containing ZL © Es{—2) as a sublattice of index 2, if d is even. For each F there 
exists a smooth projective i^3-surface X with a Nikulin involution and p = 9, 
such that NS{X) ^ F, and all such surfaces are parametrized by a coarse moduli 
space of dimension 11, see [7], Proposition 2.3. 

The first results along this line had been obtained by CVoisin in the break- 
through paper [20], where she used the power of the Hodge theory and subtle 
geometrical analysis to prove not only the Bloch's conjecture for finite quotients 
of quintics in the 3-dimensional projective space, but also the identity action 
of symplectomorphisms on quartics in and intersections of 3 quadrics in P^, 
covering the cases d = 2 and d = 4 respectively. In [17] the identity action 
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on CH'^{X) was also proved for the case d = 1, and for A'3-surfaces admitting 
elliptic pencils with sections. 

The aim of the present work is to prove the identity action of the Nikulin 
involution for intersections of cubics and quadrics in P^, thus covering the d = 
3 case in terms of the classification given in |^. We show that the method 
in Voisin's paper, from both Hodge-theoretical and geometrical side, can be 
generalized an applied not only to pencils of surfaces in but also to pencils of 
surfaces in a smooth projective threefold whose second Chow group is small. 

But not merely that. The main insight in our computations here is that 0- 
cycles on a surface can and should be interpreted as co dimension 2 algebraic 
cycles on their 3-dimensional spreads. Of course, this idea would actually be 
of much use to us only when the second Chow group of a suitable threefold is 
manageable. For example, in the case d = 3 the corresponding i^'3-surfaces are 
fibres of pencils on quadrics in P^ whose second Chow group is small. Equally, 
one can fibre cubics by quadrics and connect 0-cycles in the generic fibre with the 
second Chow group of cubics given in terms of their Prymians. It is then natural 
to ask how the Nikulin involution, which changes the sigh of 2 coordinates in P^, 
acts on codimension 2 algebraic cycles on cubic threefolds in P^. Our second aim 
is to give a precise geometrical description of such an action in terms of Prym 
varieties, and split the corresponding Prymian into invariant and anti-invariant 
parts. Then we use the obtained results in order to show that 0-cycles on the 
-ft'3-intersection of a cubic and quadric in P^, supported on the intersection with 
an additional hypersurface of degree 3 or 2, vanish modulo rational equivalence. 
The latest result brings new information on rational deformations of points on 
i^3-surfaces. In a sense, we want to use intersections of cubics and quadrics 
in P^ to embody the philosophy of spreads into concrete geometry, in order to 
show that the subtle conjectural phenomena on 0-dimensional algebraic cycles 
on surfaces may depend actually on very precise coordinate-like computations in 
the world of three-dimensional varieties. 

Acknowledgements. The authors are grateful to Claire Voisin for useful 
explanation of certain phenomena in algebraic cycles on surfaces and encouraging 
interest to this work. 

2. Terminology and notation 

All Chow groups will be with coefficients in Q, so that they will actually be 
Q-vector spaces rather than abelain groups, but we shall keep the term "group" 
throughout the paper. For any smooth projective variety X over a field k, and 
any non-negative integer p, let 

CHP{X) 

be the Chow group, with coefficients in Q, of algebraic cycles of codimension p 
on X modulo rational equivalence relation, and let 

A^{X) = {a G CH^{X) I a is algebraically equivalent to on X} 

be a subgroup generated by cycles algebraically equivalent to zero. When needed 
to work with cycle classes integrally, we will be using the notation CH^[X), A^, 
etc. 
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If X and Y are two smooth projective varieties over k, d = dim(X), let 

CH'\X,Y) = X Y) 

be the group of correspondences of degree n from X to Y. If 

p:X^Y and q : Y ^ Z 

are two correspondences of degree a and b respectively, their product is defined 
by the formula 

q°P = PxzAP*xY{p) ' 
where pxY, Pyz and pxz are the projections from X x Y x Z onto the corre- 
sponding factors. 

Having introduced correspondences one can define a category ^^{k) of Chow 
motives over k in the standard way. Its objects are triples (X, p, m), where X is 
a smooth projective variety over /c, p is a projector on X, i.e. a correspondence 
p : X \- X, such that p^ = p, and m is an integer. The Hom-group from 
M = {X,p, m) to N = [Y, q, n) is nothing but the group 

Homc^.^(fc)(M, N) = qo CH^~^{X, Y) o p , 

and the composition of morphisms in ^^(/c) is the above composition of cor- 
respondences over k. If f : X Y is a. regular morphism over k then let 
be the transpose of its graph, which is an element in CH^{Y, X). Defining 
M{X) = (X,Ax,0) and M(/) = ^ e CH^{Y,X) we obtain a contravariant 
functor M(— ) from the category of smooth projective varieties over k in to the 
category of Chow motives ^^{k). 

It is important to emphasis that ^^{k) is tensor rigid with a product given 
by the formula 

(X, p, m) (g) (Y, q,n) = {X x Y,p®q,m + n) , 

where p® q is just a fibred product of two correspondences, so that the functor 
M(— ) is tensor. Moreover, ^^(/c) is rigid and obviously pseudo-abelian, so that 
we have wedge A" and symmetric Sym" power endofunctors in ^^(/c), which 
allow to define finite-dimensional motives in the sense of [12]. The substantial 
thing is the Kimura's theorem saying that if / is a numerically trivial endomor- 
phism of a finite-dimensional motive M then / is nilpotent in the associative 
algebra End(M), loc.cit. 

Further details on Chow motives and their finite-dimensionality can be found 
in [19] and [12]. 

Throughout the paper we will work basically over C, but sometimes we will 
be also working over subfields k in C, or even over the function fields of algebraic 
varieties defined over k or C. This is why, by default, the cohomology groups 
H*{—,A) will be the Betti cohomology with coefficients A = Z, Q or C, but 
working over k or function fields, we will also get involved etale cohomology 
groups, which will be mentioned separately. 

Let then 

horn 

be the kernel of the cycle class homomorphism 

cl ■ CHl{X) — > H^'P^X, Z) . 
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Certainly, we also have a rational coefficient cycle class map 

d : CHP{X) — ^ H^P{X, Q) , 

whose kernel is CHP{X)^om- 

Each group H^{X,Q) carries a pure Hodge structure. Let be the corre- 
sponding decreasing Hodge filtration on the complexified vector space H^{X, C), 
compatible with the complex conjugate filtration F^, and let H^''^{X) be the ad- 
joint quotient {F^ / Fp^^)Hp^'^{X,C). For any two irreducible smooth projective 
X and Y, and a correspondence a G CH"^{X, Y), one has a homomorphism 

a,:H\X,Q)^H'+^^{Y,Q), 

shifting the Hodge filtration by the formula 

a,{FPH\X,C)) C FP+'''H'+^"'{Y,C) ■ 
Then a indices a homomorphism on the Hodge components, 

a, : HP'\X) HP+m,g+m^Y) . 

Let 

J2p-i(x) = ij2p-i(x,C)/(Im(i72p-i(x,Z)) + FPi72p-i(x,C)) , 

be the p-th intermediate Jacobian of X. Here lm{H'^P^^ {X , Z)) is the image of 
the natural map 

H^P-\X,Z) ^ H^P-\X,C) , 
see [in Section 12.1.1]. Then we have the Abel-Jacobi homomorphism 

which will play an important rule in what follows, see Section 12.1.2 in loc.cit. 
We will also need the group 

J^p-\X)q = J^p-\X) ®zQ 

which can be described clS Sb quotient 

J^p-\X)q = H^P-\X,C)/{{H^^~\X,Q)+FPH^P-\XX)) ■ 

Extending coefficients from Z to Q, we obtain a rational version of the Abel- 
Jacobi homomorphism 

The action of correspondences on Chow groups is compatible with their actions 
on Hodge structures via the cycle class map and the Abel-Jacobi map. 

Let ^fig~^(-^) be the largest complex subtorus of J'^'p~^{X) whose tangent space 
is contained in Hp~^'P{X). Then jlf~^{X) is an abelian variety over C, see [21], 
Section 12.2.2]. As algebraic equivalence is finer than the homological one, 

d{CHPiX)^,,) = . 

It is well known that AJ{A^{X)) is a subset in J^ig^^iX) and, respectively, 
AJ{AP{X)) is a subset in fj'"\X)Q, loc.cit. 
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Since H*{—,Q) is a Weil cohomology theory, i.e. it possesses a U-pairing, 
Poincare duality etc, each Q- vector subspace V C H'^{X, Q) has a natural com- 
plement V-^, orthogonal to V with respect to the U pairing in H'^{X,Q), and 
we have a splitting 

H%X,Q) = V®V^ . 

For example, let X be a surface, i.e. d = 2, and let NS(X) be the Neron- 
Severy group of X. Let then Q)aig be the image of the cycle class map 

from NS{X)(»Q to H'^{X, Q), and let H^{X, Q)tr be the orthogonal complement 
Q)aig)^, SO that we have a splitting of Q-vector spaces 

H\X, Q) = H\X, Q)aig © H\X, . 

We will say that H^{X, Q) is algebraic if H^{X, Q)tr is trivial. This is equivalent 
to say that pg = 0, where Pg = dim if ^(X, ^x) is the geometric genus of the 
surface X. 

Another splitting of cohomology arises from a group action. Let X be a smooth 
projective variety of dimension d and assume that a finite group G acts by regular 
automorphisms on X. Then this action induces also an action of G on H^{X, Q) 
for any p. Let HP{X,<l^f be the Q-vector space of G-invariant elements in 
HP{X,Q). Let H^'^~p{X,QY be the orthogonal complement {Hp{X,Q)^)^ to 
HP{X,Q)'^) with respect to the pairing between Hp{X,C) and H'^'^-p{X,C)- 
Then we have a splitting 

HP{X, Q) = HP{X, Qf © HP{X, Q)» . 

It is worth to say that this decomposition is a decomposition in the category of 
Hodge structures Jif^. Namely, let 

HP{X, C) = HP'\X) © HP-^'\X) © ■ ■ ■ © H^'P{X) 

be the Hodge decomposition of Hp{X,C). For each pair where i,j G 

{0, 1, . . . ,p} and i + j = p, let W'\X)'^ be a G-invariant subspace in W'^{X), 
and let H'^~^''^~^{X)^ be the orthogonal complement to H^'^{X)^ with respect 
to the pairing between Hp{XX) and H^'^-p{XX)- Then we have the following 
splittings 

W^\X) = W'\Xf © H''\Xf , 
HP{X, Cf = HP'\X, f © HP-^'\Xf © ■ ■ ■ © H^'P{Xf 

and 

H^'^-P{X, Cf = H^'^-P'\X, )» © if2d-P-i,i(x)tt © ... © iyO'2^-P(X)» . 

This gives rise to the invariant and anti-invariant parts in the intermediate Ja- 
cobian, 

.pP~\Xf and .pP~\Xf . 

The fact that the action of the group G is compatible with the duality between 
H^'^{X) and H'^~^''^~\X) has another important implication which is better vis- 
ible in dimension 2. So let again X is a surface, then H'^'^{X, )'-^ = if and only 
if H^'^{X,f = 0, and H'^'%X,Y = if and only if H^''^{X,Y = 0. Thus, 
if H^'%X,)^ = then H^{X,Cf = H^'\X)^, whence the Q-vector space 
H'^{X,Q)'^ is algebraic, in the sense that any cohomology class in Q)*^ 
comes from the class in NS{X) © Q via the cycle class map. Similarly, if 
H'^fi{X, f = then H'^{X, Cf = H^'^X^, so that the Q-vector space H^{X, Q)« 
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is algebraic, i.e. a cohomology class in H'^[X,<Q)^ comes from a certain class in 
the Neron-Severi group NS{X) ® Q via the cycle class map. 

3. MOTIVIC SETUP 

In this section we outline the motivic aspects of the /TS-symplectomorphism 
action. The main thing here is the so-called transcendental motive t'^{X) of a 
smooth projective surface X over k, see [TT]. To make things easier let k = k be 
an algebraically closed field of characteristic 0, and suppose that the irregularity 
of X is too. Let p be the rank of the Neron-Severi group of X, and choose 
p divisors Di, . . . , Dp, generating the algebraic part H'^^^{X) in the second etale 
/-adic cohomology of X, where / is a prime, and choose also their Poincare dual 
divisors D[,...,D'p on X. Fixing a closed point Pq on X, one can define a 
transcendental second Murre projector as a correspondence 

p 

nl'iX) =Ax- [Po X X] - X D'^ - [X x P,] . 

i=l 

in CH^{X,X). Then 

t2(X) = (X,vrr(X),0) 

in the transcendental motive of X in the category "^^{k). 

For any algebraic scheme X over k and a field extension L/k let X^ = 
X Xspec(fc) Spec(L), and for any morphism / : X — )■ F of schemes let fi = 
/xspec(fc)Spec(L). Similarly, one can define the category of Chow motives ^^(L) 
over L, and a tensor functor lesL/k '■ '^^{k) — > 'tf^{L). 

Let now k be an algebraically closed subfield in C, let X be a smooth projective 
/TS- surface over k, and let 

oo G H^'^iXc) 

be a symplectic form on Xc. Suppose, furthermore, that 

G = {id,g,g\...,g--'} 

is a finite cyclic subgroup in the group Aut(X) of regular automorphisms of the 
surface X over k, such that 

Then we say that g is an algebraic symplectomorphism on the surface X. Our 
aim in this section is to show that if the Bloch-Beilinson conjectur^ is true, 
then the induced action g'^ : CH'^IXq) — )■ Cif^(Xc) on the codimension 2 Chow 
group is the identity. As all Chow groups in this paper are with coefficients in 
Q, it would follow that the homomorphism gl : CH'^{Xl) — )■ CH'^{Xl) is the 
identity for any field subextension k G L G C 

Let Y be the quotient X/G with a quotient map / : X — )■ F, and let Y' ^ Y 
be a resolution of singularities of the surface Y arising from the points on X 
whose orbits under the action of G are shorter than n. Consider the following 
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Cartesian square 




in the category of schemes over k, see Then Y' and X' are both smooth 
projective i^3- surfaces over k, loc.cit. 

Since the above commutative square is Cartesian, any automorphism a : X — )■ 
X gives rise to a uniquely defined automorphism a' : X' ^ X' , so that we have a 
natural embedding of Aut(X) into Aut(X'). Let then G' = {id, g', g'^, . . . , g"^~^} 
be the image of the group G under the embedding of Aut(X) into Aut(X'). 

Let r be the graph of the morphism /' : X' — Y' and let F* be its transpose. 
Then 

n-l 



r*r = 5^(idx' X {g'yr^x' • 



Let 



1=0 



V 



n 



be the correspondence defining the embedding of the Chow motive M{Y') into 
the Chow motive M(X'). The correspondence p is a projector, so that p induces 
a splitting 

M(X') = M{Y') © N , 
where X is a motive defined by the projector 

q = Ax' - p . 

It is not hard to see that /' induces an isomorphism on the algebraic parts in 
the second Murre motive M^. Then we also have a splitting 

t\X') = t\Y') © X , 

and 

H*{N) = , 

where H*{—) stays for a Weil cohomology theory. The transcendental motives 
of X' and X are isomorphic, 

t^{X') - t\X) , 

as a blowing up only paste exceptional curves which do not make any impact on 
the transcendental motive of X. The inclusion t^{Y') ^ t^(X'), induced by p, is 
an isomorphism if and only if the above X vanishes in 'io^{k). 

Lemma 1. Let L/k he a field extension, where L is algebraically closed. The in- 
clusion t^{Y') ^ t^{X') is an isomorphism in ^^{k) if and only if the inclusion 
i^(y^) t^(X^) is an isomorphism in ^^(L). 

Proof. Let 

Nl = resL/fc(X) . 

As we work with Chow groups with coefficients in Q, the motive X^ vanishes in 
'io^{L) if and only if the motive X vanishes in '^^{k\ □ 
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Let now 

F = k{X) 

be the function field of the surface X over k, let 

r] = Spec(F) 

be the generic point of the surface X over k, and let 

r] : Spec(F) — y X 
be the corresponding morphism of schemes over k. Consider a pull-back 

$x : CH\X X X) — y CH\Xf) , 
induced on the Chow groups by the morphism idx x 77, [TT], and let 

P, = $x(Ax) 

be an F-rational point on the surface Xp, the so-called generic zero-cycle on Xp- 
The following lemma is analogous to Corollary 1 in [T7] . 

Lemma 2. In the notation above, the following three conditions are equivalent: 

(i) the embedding t^{Y') ^ t^{X'), induced by the morphism f, is an 
isomorphism; 

(a) the homomorphism g*p : CH'^{Xp) — )■ CH^{Xp) is the identity; 

(iv) the homomorphism g*p : CH^{Xp) — t- CH'^{Xp) does not move the 

class of the point in CH'^{Xp). 

Proof. 

(?) (tt) 

Let F be an algebraic closure of the function field F. By Lemma[T], the embedding 
t'^{Yp) t'^{X'p) is an isomorphism. The motive t'^{Yp,) is nothing but "the fixed 
part" of the action of g'p on t^{Xp). If the embedding t^iY'p) t^{X'p) is an 
isomorphism, i.e. the fixed motive t^iYp) coincides with the whole t^{X'p), then 
this action is the identity. As the image of the projector ■, determining the 
motive t^{X'p), is exactly the Albanese kernel for X]^, it follows that the action 
of g'p on the Albanese kernel of the i^S-surface X'p is the identity. Therefore, 
the action of g'p on the whole Chow group CH'^{X'p) is the identity. Using 
the behaviour of Chow groups under blow ups, and that the action of g' on X' 
commutes with the action of (7 on X with respect to the blowing up morphism 
X' —J- X, we deduce that the action of gp on the Chow group CH'^{Xp) is the 
identity. As we work with coefficients in Q, it follows that the action oi gp on 
the Chow group CH'^{Xp) is the identity. 

{ii) =^ (Hi) 
Obvious. 

(Hi) =^ (i) 

Let F' = k{X') be the function field of the surface X' over /c, let 77' = Spec(F') 
be the generic point of the surface X', and let P^/ = $x'(Ax') be the corre- 
sponding generic zero-cycle on Xp,. Since the morphism X' — !■ X is just a 
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blowing up of a finite collection of points on a surface, the corresponding pull- 
back gives an isomorphism CH^{X) ~ CH'^{X'), and, respectively, an isomor- 
phism CH'^{Xp) ~ CH'^{Xp). As the function field F' is actually the same as 
the function field F, we have a canonical isomorphism CH'^{Xp) ~ CH'^{X'p,). 
Moreover, action of g' on X' is compatible with the action of g on X. It follows 
that, since g*p does not move the class of the point in CH^{Xp) by the as- 
sumption in (iii), the homomorphism {g'p,)* does not move the class of the point 
P^/ in CH\X'p,). The square 



CH\X' X X') 



(id^,x(g')')* 



CH\X'p,) 



({<?;,)')* 



CH^{X' X X') CH\X'p,) 

is commutative for any i. As {{g'p/y)* (Pr)') = Pr^'i we have that 

$x'(idx' X (^?')T(AxO = {{g'p,)r^x'{/^x') = {{g'p^riP,') = P,' , 
for any i = 0,1, . . . ,n — 1. Hence, 



^ 71—1 

$x'(Ax') - - V$Y'((idx' X ((7')T(Ax')) 



i=0 

= P 1 . ^(p ) = . 

n 

Let now be the projector on X' determining t^(X'). The kernel ker(<l>x') is 
generated by those algebraic cycles which are not dominant over the first factor, 
and this kernel is a subgroup in the kernel of the homomorphism 

CH\X' X X') End(t2(X')) 

a ^ TT^ O a O 7T^ , 

loc.cit. As ^x'{(l) = 0, we get o qo = 0, whence 

opo nl' = TT*' . 

Since /' induces an isomorphism on the algebraic parts in the second Weil co- 
homology H^, the projector p identifies the transcendental pieces in the Chow 
motives M{Y') and M{X'), as needed. □ 

Remark 3. Lemma [1] shows that if one of the three equivalent conditions in 
Lemma |2] holds true for the surface X over k, then all three equivalent conditions 
in Lemma [2] hold true also for the surface X^, where L is an algebraically closed 
field extension of the field k. 

Remark 4. Suppose the Bloch-Beilinson conjecture holds true over C Then (i), 
and so (ii), (iii) and (iv) in Lemma |2] hold true for X^, for any algebraically closed 
sub-extension k G L G C Indeed, if the Bloch-Beilinson conjecture is true, 
then all Chow motives (with coefficients in Q) over C are finite-dimensional, 
see [1]. Then all Chow motives over L are also finite-dimensional. As there 
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are no phantom sub-motives in finite-dimensional motives by Kimura's theorem, 
[12], the motive vanishes in ^^(L), so that {%) holds true in Lemma [2l In 
particular, if n = 2, i.e. gc is a Nikulin involution on Xc, the Bloch-Beilinson 
conjecture implies that the action of ql on CH'^{Xl) must be the identity. 

4. Geometrical setup 

Let k be an algebraically closed subfield in C. All what will be going on in 
this section will be over the field k. Our purpose is to give a suitable geometrical 
description of ii'3-surfaces with Nikulin involutions corresponding to p = 9, ci = 3 
case, in terms of the classification in [7]. 

So, let Sq be a i^3-surface over k with a Nikulin involution 

r : 5*0 — )■ So , 

and such that 

p = 9 & d = 3 . 
Then 5*0 can be realized complete intersection, 

of a cubic and a quadric in P^, see [H 3.3]. The involution r can be 
extended to a regular involution 

r : — ^ , 

given in suitable coordinates 

(x) = (xo : ... : Xi) 

by the formula 

(1) {xq : xi : X2 : X'i : x^) {-Xq : -Xi : X2 : X3 : X4) , 

and such that the quadric ^0 and the cubic ^0 "will be invariant under the global 
involution r. 

Vice versa, if ^0 and are a smooth cubic and quadric in P"^, both invariant 
under the involution r, their intersection 5*0 = ^0 HQo will be a i^3-surface with 
algebraic Nikulin involution r = t\so, loc.cit. 

The fixed locus of the involution r in the projective space P^ is a disjoint union 
of a line Ir and a plane Ur in P^, 

(p^)" = u , 

where 

(2) It- : X2 = X3 = Xi = , n,- : Xo = Xi = . 
Let now V he a. vector space of dimension 5, such that 

The formula ([1]) shows that the involution r lifts to an involution 

t:V — yV , 

which induces involutions 



T2 : Sym^V Syia'^V and : Syra^V Sym^V^ , 
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where Sym" stays for the n-th symmetric power of a vector space over k, and 

V = Romk{V,k) 
is a /c- vector space dual to the space V. Let 

{Sym^V)+ = {F e Sjm^V \ T2{F) = F} 

and 

{SYm^V)+ = {$ G Sym^V \ r3($) = $} 

be the subspaces of forms, on which the involutions T2 and T3 act identically. 
From ([1]) it follows that these subspaces are given by the formulae 

(3) (SymV)+ = {F e Sym^V^I F = ao^xl + anxj + aoiXoXi + /2(x2, 0:3, x^)} 

(4) (Sym^\/)+ = {$ G Sjm^V \ $ = loo{x2, X3, Xi)xl + hi{x2, X3, X4)xl 

+loi{x2,X3,Xi)XoXi + /3(X2,X3,X4)} , 

where aij are constants, lij are linear forms, /2 and are homogeneous polyno- 
mials of degree 2 and 3 respectively. In [71 3.3] it was shown that the cubic ^0 
and the quadric ^0 can be chosen to be defined by forms 

% = {% = 0} , $0 G {sWv)+ , 

go = {Fo = 0} , Foe Sjm'V^ . 

For short, let 

^2 = P((Sym^t>)+) and ^3 = P((Sym3l>)+) . 

Then, 

^0 e ^2 C 1^(2)1 and %e^sC |^(3)| , 

where 

is the structure sheaf on P^, and ^{n) stands for the n- twist of a coherent sheaf 
^ on a scheme. 

Notice that the quadric ISq is uniquely determined by the condition Sq C 
i.e. the linear series 

1^50 (2) I 

consists of the only quadric where J^So is the sheaf of ideals of the surface 
5*0 in P^. In contrast, the cubic 't^q is not uniquely determined by the condition 
5*0 C ^0- The linear series 

^=l^5o(3)| 

has dimension 5 and contains a linear subseries 

^0 = e ^ I = ^0 u P^ P^ c P^} ~ P\ 

=^0 = {"^ e ^ I ^ = ^0 U if , for a hyperplane if C P^} ~ P^ 
so that any cubic G \ =Sfo is irreducible and 

5o = ^ n ^0 

for some ^ in =Sf \ 
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Since 5*0 is smooth, any cubic ^ G =Sf \ =Sfo is smooth along Sq. By Bertini's 
theorem, a general cubic in ^ \ is smooth. We thus may well assume that 
is smooth. 

Consider a linear subseries 

^3 = G ^3 I 5o C 

and its subseries 

^3 = {^0^ H e \ H a hyperplane containing = P^. 
One can see then that 

^3 = span_^3(^3,^o) = PW 
for some vector space W of dimension 4 over k. 

Lemma 5. For any two points P and Q on So there exists a cubic ^ in ^3 \^3, 
such that P,(5 e ^0- 



Proof. Look at a linear series E of curves on 5*0 cut out cubics from ^3 \ ^t^i^, 

S = {C C 5o I C = 5o n <^ , G ^3 \ ^3} ■ 

As ^3 = P""^*, it follows from the above that 

S = P((Sym2\/)+/iy) = P^^ . 

For any point P in Sq we define a hyperplane 

Sp = {C e S I a; G C} 

in the projective space S. As dim(S) = 14, for any two distinct points P and Q 
in So we have that 

dim(Ep n Sq) > 12 . 
It gives that there exists a cubic ^ in ^3 \ ^3 passing through P and Q. □ 

Lemma 6. Any cubic ^ in ^£3 contains the line Moreover, 1^ is actually the 
base locus of the linear series 

(5) lr= n 'rf. 

Proof. That any cubic ^ in ^3 contains the line 1^ is a consequence of ([2]) and 
dl]). From ([1]) and ([1]) it follows that ^3 is spanned by two subseries 

where 

Vi = {$ G Sym^V" I $ = /oo(a;2,a;3,a;4)a;o + /ii(x2,X3,X4)x? + /oi(x2,X3,X4)xoXi} , 

^2 = {$ G Sym^r I $ = /3(X2,X3,X4)} , 
and the forms /jj, /3 are those described above. A subgroup 

G = {g^ PGL(5) I g{lr) = K and ^^(n.) = 

acts transitively on the set 

p^ \ {ir u n^) . 

It also acts naturally on the linear series |^(3)| and fixes the subspaces ^3^1 and 
=^3 2 in it. Hence, ^3 is fixed under the G-action too. 
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Let 

Po = (1 : 1 : 1 : 1 : 1) 
be such a special point in P^. From (jlj) it follows that the subseries 

is a proper hyperplane in Since G acts transitively on \ (/^ U IIt-), it 
follows that, for any other point 

p G \ (/, u n,) , 

the subseries 

is also a proper hyperplane of =Sf, whence we get ([5]). 

□ 

Now we need to show that a general quadric ^ in the linear series 

^2 = P((Sym2V)+) 

is smooth. Indeed, from ([3]) it follows that the series ^2 is spanned by the two 
subseries 

if2,i = {^G 1^(2)1 

and 

=^2,2 = {^G 1^(2)1 

where 

W^ = {Fe Sym^y | F = ^(xs, X3, X4)} , 

W2 = {F e Sym^y | F = aooxl + anxf + aoiXoXi} . 

and aij and (?2 are as defined above. 

In particular, a general quadric ^ in ^2,1 is a cone with a vertex being and 
thus Q is smooth along ,5 n 11,-. Respectively, a general quadric =S in ^2,2 is a 
cone with a vertex 11^, and, therefore, ^ is smooth at the two points of ^ fl Ir- 
In view of Bertini's theorem, this description shows that a general quadric ^ 
from ^2 is smooth. 

We can now take a general smooth cubic in =^3, a general smooth quadric 
^ in ^2, and consider a surface 

5 = n ^ . 

Naturally, specializing ^ to ^0 and Q to Qo, "we specialize also S to the smooth 
surface Sq. Hence, for a general choice of ^ and =S, the surface 5 is a smooth 
complete intersection of a r- invariant cubic and a r- invariant quadric in P^, so 
it is a r-invariant /TS-surface over the ground field k. Since, by construction, 
both S and Sq belong to an irreducible family parametrized by an open subset 
of X ^2; and r is a Nikulin involution, it follows that the involution 

T = t\s : 5* — )■ S 

is also a Nikulin involution. Summarizing, one can prove the following lemma. 



Sing^ D Ir} - F{Wi) 
Sing^Dn,}~P(W^2) , 
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Lemma 7. (i) For a general pencil of quadrics 

and for any two distinct smooth quadrics cii^d where 0, 1 G P"*^, the surface 

y = ^0 n ^1 

is smooth and not intersecting the line 1^. 

(a) For a general smooth cubic ^ G =Sf, and for the above quadrics (^i^d 
J2i, the curve 

z = ^r\Y 

is smooth, and it does not intersect the line l^- and the plane 11,-. Hence, the 
induced involution 

t: Z — > Z 

has no fixed points. 
(Hi) The restriction 

of the pencil |.^t|tgpi on 'lo is a pencil of K?)- surfaces on ^ endowed with fibre- 
wise Nikulin involutions 

T-.St^St, teF'. 

Proof (i) Let 

^00 : xl + g2{x2,X3,Xi) =0 and : + /i2(a:2, X3, X4) = 

be two quadrics in A straightforward computation shows that the surface 
Yq = ^00 n is smooth and does not intersect the hne Ir, if the conies in 
with the equations g2{x2,X3,X4) = and h2{x2,X3,X4) = are smooth and 
intersect transversally at 4 points. Then, for general smooth quadrics ^0 and 
^1 in the series ^2 the surface F = ^0 H ^1 is smooth and y n = 0- 

(ii) Consider the restriction 

^3|y = KnyW3 

of the hnear series on the surface Y. Since YCilr = 0, from ([5]) it then follows 
that =^3|y has no base points. Hence, by Bertini's theorem, a general member Z 
of this series is smooth and does not intersect /,-. 

(iii) This is clear since each smooth iCS-surface S = 'if H J2 is endowed with a 
Nikulin involution induced by the involution r on P^. □ 

Now let us consider the projection of onto 11^ from the line and restrict 
it onto a general smooth cubic ^ in the series L, 



p : ^ — ^ P2 , 
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where can be naturally identified with the plane 11^. Blowing up at the 
indeterminacy locus we obtain a regular morphism p included in to the com- 
mutative diagram 

^ 

\ V I 
V V 

Let 

C = {P G I p~^{P) is a pair of crossing lines on } . 

be the discriminant curve of the projection p. This is an algebraic curve of degree 
5 in n,-. 
Let now 

^ = {le Gr(2,5) | / C ^} 
be the Fano surface of lines on 't^, and, following [15], let's define the sets 
^0 = {/ G ^ I 3 a plane U in P^, such that ^-0 = 2/ + /'} 

and 

= {/ G ^ I 3 a plane U in P^, such that <^ ■ H = / + 21'} 

Then, in terms of the analysis of lines on ^ given in loc.cit., the line does not 
sit in the set but is does belong to the set 

An elementary computation shows that the discriminant curve C consists of 
2 irreducible components, 

c = C2 u C3 , 

where C2 is a conic defined by the equation 

C2 : 4/oo(x2,X3,X4)/ll(x2,X3,X4) - loiix2, X3, X^f = , 

and C3 is a cubic defined by the equation 

/3(X2,X3,X4) = 

in n,-, where /qo, ^ii, loi and are taken from (j4]). For the general choice of 
^00; ^11) ^01 a-nd /3 the curves C2 and C3 are smooth and intersect each other 
transversally at 6 distinct points in 11^. Looking at the equation 4/oo^ii ~ ^01 ~ 
for C2 as an equation in P^, it defines a cone 

= cone(/^, C2) 

with the vertex Ir over the conic C2. Since C2 is smooth, the singularities of the 
quadric cone are concentrated in the line Ir- This is r- invariant as the 
line Ir, as well as the conic C2, both consist of fixed points of the involution r. 

Lemma 8. (i) For a general smooth quadric ^ from ^2 the intersection of ^ 
with the line Ir consists of 2 distinct points Pi and P2- The surface 

Y = j(rr\^ 

is singular, it intersects Ir at two points Pi and P2, and 

Sing(F) = {Pi,P2}. 
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(ii) Let 

F = jrn^ and z = ^ny. 

Then there is a finite collection of ordinary double points on the curve Z . 
(Hi) If now 

\St\t€P^ 

is a restriction of the a pencil of quadrics through the singular quadric K and the 
general smooth quadric ^ from then \St\t£f^ is again a pencil of K3- surfaces 
on ^ endowed with Nikulin involutions 

T-.St—^St, teP^ 

Proof. The proof is similar to the proof of Lemma [71 □ 

5. Pencils of surfaces on threefolds with small 

The previous geometrical setup can be generalized. In this section we will be 
working over C. Let ^ be a smooth projective threefold over C and a rational 
map 

/ : — ^ 

interpreted as a pencil of surfaces on ^ . Let i? be a base locus of the pencil /, 
and suppose that B is reduced, irreducible and smooth. Let 

\f 
Y 

pi 

be a blow up of ^ at B. For any t G P^ let be the geometric fibre of the 
pencil / over the point t, and let 

be a corresponding closed imbedding. The surface Xt is not necessarily smooth, 
so that we need also a desingularization 

X't — > Xt , 

which is by convention an identity if Xt is smooth, and let 

t't :X't^£ 

be a composition of it with the desingularization. 

Consider the blow up Cartesian square in the category of schemes over C: 

B ^- ^£ 




B ^ 
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Here B is a proper transform of the curve B under the blow up s, i : B "—^ ^ 
and i : B ^ ^ are closed embeddings. By Proposition 6.7 in P, we have a 
short exact sequence of abelian groups 

^ CHi{B) CHi{B) © CH\3^) CH\£) -> , 

where for any irreducible variety V of dimension d we write CHniV) = CH'^~^{y). 
The group CHi{B) = CH^{B) is obviously isomorphic to Q. Restricting this 
short exact sequence on cycle classes algebraically equivalent to we obtain an 
isomorphism 

A^{£) ~ A\^)®A\B) , 

which describes the link between algebraic cycles on the original threefold ^ 
and its blow up ^ . 

We need now to impose two basic assumptions on our threefold The first 
one says that the group is (weakly) representable by the intermediate 

Jacobian: 

Assumption A: The Abel-Jacobi homomorphism 
is an isomorphism. 

To state the second assumption we need to enrich the picture by endowing ^ 
with an action of a finite cyclic group G which acts fibre-wise, i.e. all the fibres 
Xt of the above pencil are G-equivariant. Assumption A allows to introduce two 
subgroups A'^{^)'^ and A'^{^Y which correspond to, respectively, J^i^i^)'^ 
and J^igi^Y under the above Abel-Jacobi isomorphism. 

Since now let the sign \\ stay for G and jj simultaneously 

Assumption B: 

A2(jr)^ = 

(still the group A^i^^'y may well have torsion). 

Taking into account Assumptions A and B, we see that 

A\B)^ - A^{^f , 

and this isomorphism nothing but the t]-version of a composition of the pull-back 
A\B) A\B) = Ai(5) and the push-forward Ai{B) A^{£) = A\£). 
The group A^{B) is isomorphic to the Jacobian variety of the curve B, 

AUB) ^ J{B) . 

Then we also have an isomorphism 

'^{B)q — <^alg('^)Q ■ 

Fix a prime /. For any field F and any smooth projective variety V over F 
let H^^{Vp, Qi{(l)) be the p-th etale cohomology group of V twisted by q, where 



18 



V. GULETSKlI, A. TIKHOMIROV 



F is the algebraic closure of the field F. It is important to mention that /-adic 
etale cohomology groups form a Weil cohomology theory over F . 

Let 7] be the generic point of the projective line P^. Since the whole pencil is 
G-equi variant, the group G acts also on the scheme-theoretical generic fibre 
of the fibration / : ^ — )■ P^. For any t G P^, such that the fibre Xt is smooth, 
there is a commutative diagram 



CH\Xfj 



HUX„Qi{l)) 



sp 



sp 



CH\X,) ^ .if|(X„Q,(l)) 

where the vertical homomorphisms are specializations and the horizontal ones 
are cycle class maps into etale cohomology groups, [6] . Moreover, it is well known 
that the right vertical homomorphism is an isomorphism. It follows that if the 
group Hj^{Xfj, Qi{l)) is algebraic, i.e. the top horizontal cycle class map is onto, 
then so is the group Hj^{Xt,Qi{l)). The group Hj^{Xt,Qi{l)) is isomorphic to 
the Betti cohomology group H'^{Xt,Q). Therefore, if Hj^{Xf^,Qi{l)) is algebraic 
is equivalent to say that if^(Xt,Q) is algebraic. This last thing is, in turn, 
equivalent to say that H^'^{Xt) = for all points t in the Zariski open subset U 
in P^, such that Xt is smooth for all point s t G f/. In fact, one can also show 
the converse statement - if there exists a Zariski open U G such that Xt is 
smooth and H'^^^{Xt) = for all t G U, then H%{Xf^, Q^l)) is algebraic. 

If we take into account the action of a group G in the fibres of the regu- 
lar map / : — P^, we obtain the following picture. First of all, we have 
the group of invariants Hl^{Xf^,'Q^i[l))^ . Secondly, there is a U -product in 
Hj^{Xfj, Qi(l)), which gives rise to the orthogonal complement Hj^{Xf^, Q/(l))'' = 
{H]^{Xfj,Qi{l))'^)-^. Then the previous equivalences can be refined by saying 
that Hj^{Xf^,Qi{l))^ is algebraic if and only if 3 a Zariski open U C P^, such 
that H'^{Xt, Q)^ is algebraic for any t eU. 

Finally, we need two more assumptions to be imposed onto the above geomet- 
rical input. 

Assumption C. The group Hj^{Xfj,Qi{l))'^ is algebraic. 

Embedding the function field over P^ into C, this third Assumption C is a 
restriction imposed on the behaviour of holomorphic 2-forms of the generic fibre. 

Assumption D. The generic fibre is regular, i.e. 

Hl,iX„Qi)=0, 

in terms of the first etale cohomology group of the generic fibre. 

We believe that Assumption D isn't important and can be eliminated at the 
cost of extra technicalities around the Picard and Albanese motives of the generic 
fibre. 
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6. VOISIN'S THEOREM 

Keeping notation of the last section, our aim is now to generalize Voisin's 
approach originally given in [20] and then described also in |21j . 

For any t E let jt B ^ Xt be the corresponding closed embedding, and 

let 

ft --B^X', 

be the embedding of the base locus B into the desingularization of the surface 
Xt- Certainly, if Xt is smooth then X[ = Xt and j't = jt- 

Theorem 9. (Prop. 11.15 in Under the above Assumptions A, B, C and 
D, the group A^{BY is generated by the cycle classes of type for a G 

A\Xi)\ 

Proof. Let U he a Zariski open subset in P^, such that the fibres over points in 
U are smooth, and let 

fu ■ — > U 

be the corresponding pull-back on U . Then there exists the Picard scheme 

Pu = Vic{£u/U) 

of the relative scheme ^u/U , coming together with an etale morphism 

see [5]. For any t E U the fibre {Pu)t of the morphism Pu U is nothing but 
the Picard scheme Pic(Xt) of the fibre Xt, so naturally isomorphic to the group 
CH^{Xt). The group G acts on the scheme Pu fibre-wise, so that we obtain the 
corresponding G-invariant subschemes P^ and {Pu)f, for each t E U, such that 
the fibre of the corresponding regular morphism 

P^^U 

is {Pu)f- Since G acts fibre-wise on ^ and {Pu)t is isomorphic to CH^{Xt), the 
fibre {Pu)f is naturally isomorphic to C H^{Xt)^ . 

Let Pu Pjj be the obvious closed embedding over U, and let P^ — {P^Y be 
the dual morphism, see [H]. The relative abelian scheme Pjj — )■ U admits a rel- 
atively ample invertible sheaf which determines a regular f/-homomorphism 
Pjj — )■ P^ over [/, loc.cit. Let Pfj be the kernel of the composition Pjj — )■ P'^ — >■ 
{P^Y ■ Then we have a fibre- wise isogeny 

P^XuPIj-^Pu 

over U (the reader is advised to apply the same sort of argument like on page 42 
of (ISj). Certainly, the fibres (-P^)t naturally give rise to subgroups CH^{Xt)^ in 
CH\Xty. 

Since the scheme-theoretical generic fibre X^ is regular, so is the fibre Xt 
for each t E U. Therefore, the connected component of zero, Pic°(Xt), in the 
Picard scheme Pic(Xj), is trivial, i.e. A^{Xt) ~ Pic°(Xf) = 0, so that each 
scheme {Pu)t is isomorphic, as an abelian group, to the Neron-Severi group 
NS{Xt), which is known to be finitely-generated. As homological equivalence 
coincides with the algebraic one in codimension 1, [6], it also means that each 
(P^), = NS{Xt) is a subgroup in H'^{Xt, Z). Then, of course, {Pu)f ~ NS{Xtf, 
where NS{Xt)^ is the intersection of H^{Xt, Z)^ with NS{Xt) inside H^{Xt, Z), 
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and, similarly, {Pu)l - NS{XtY, where NS{XtY is the intersection of H'^{Xt, 
with NS{Xt) inside H'^{Xt,Z). But as the group H'^{Xt,Q)^ (respectively, the 
group H'^{Xt,QY) is algebraic in case (G) (respectively, in case (jj)), we obtain 
that 

{Pu)l^NS{X,Y = H\X„Z)^ . 

As Pu is etale over U and {Pu)t is a discrete abelian group for each t ^ U, 
the scheme Pu can be only a disjoint union of etale curves over U. Since 
the group H'^{Xt,Z)^ is finitely-generated, we can pick up a finite collection of 
smooth curves from such that, if W''^ is a union of them, is a smooth and 
not necessarily connected curve, etale over U with respect to the restriction 

g^:W^ — yU 

of the above map Pu — ?■ f/ on W\ having the property that the fibre {g^)^^{t) gen- 
erates the group H'^{Xt,1,)\ Using appropriate compactifications of the curves 
W\ we can also work with morphisms 

g^ -.W^ — ^ 

where the curves are now not only smooth but also projective, and still not 
necessarily connected, etale curves over the projective line P^. Then can be 
also considered as a pull-back of under the embedding of U into P^. 

Let now Z be the constant sheaf in complex topology on W^''. As P^ is locally 
contractible, in complex topology, the stalk of the direct image R^g^lj at t G P^ 
is isomorphic to the group H^{Wf, Z), where is fibre of the morphism g^ over 
t G P^. If now Z is a constant sheaf in complex topology on ^ then, for the 
same reason, the stalk of the direct image -R^/^,Z at t G P^ is isomorphic to the 
group i72(x;,Z). 

Suppose t G U. Then X^ = X4 and = W} is just a finite collection of 
points generating H^{Xt, Z)''. Respectively, H^^^W^, Z) is a direct sum of a finite 
collection of copies of the group Z. Moreover, BPgl7j\u = R^g^Z and, if 

fu '■ — ^ U 

is a pull-back of the morphism / with respect to the open embedding of U into 
Pi, then R^f,Z\u = RHfu)*Z. 

The morphisms (7'' and fu being etale induce locally trivial continuous map- 
pings in complex topology. This is why the direct images R^glZ and R^{fu)* Z 
are local systems. Trivializing the maps g^ and fu by an appropriate covering 
U = UUi, we define the sheaves {R'^{fu)*Z\ui)\ which then can be pasted all 
together into sheaves {R^{fu)*ZY on U. As W^, for each t E U, generates 
H'^{Xt,Z)\ using the same covering U = UUi we can also define a surjective 
map R^g^Zlu^ — )■ {R'^{fu)*Z\ui)\ which then paste into a surjective morphism 

a:R'glZ-^iR'{fu).Z)^ 

of sheaves on the topological space U. It induces a surjection 

a, : H\U, R'g^Z) ^ H\U, {R\fu). Zf) . 

One can show that, in our case, R^g^Z = and R^{fu)*Z = 0. As the 
corresponding Leray spectral sequences converge, we obtain two isomorphisms 

H\U, R'glZ) ^ H\W\ Z) and H\U, {R\fu).Zf) ^ H\r\U), Zf . 
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Composing and precomposing the above surjection H^{U,a) by means of these 
two isomorphisms, we obtain a new epimorphism 

Let 

Xrj %J Stij 



(6) 



PI 



-f/ 

be the fibred product of W'^ and over U . The morphism pi is fiat as a 
base-change of the fiat morphism fu- 

From the general machinery of Picard schemes over a base it follows that there 
exists a divisor ^ on W'^ Xjj 2^^^ such that, if P is a point on W'^ and t = g\P) 
is the image of P on U, the intersection of ^ with the fiat pull-back pl{P) is 
nothing but a divisor, whose class in if^(X(,Z)^ corresponds to the point P 
under the above parametrization. It also follows that such a divisorial class is 
nothing but the value of the map a at P in the fibre over t. Since W''^ Xjj is 
a closed subscheme in W'^ x ^[/, the cycle ^ is a codimension 2 algebraic cycle 
in W'^ X ^[7, 

Let also 

^ C X 
be the closure of ^ in x and let 

= cl{§) e H\W^ X ^,Q) 

be the cohomology class of the cycle ^. 

As the Kiinneth formula holds true with coefficients in Z after killing torsion, 
see Theorem 11.38 on page 285 of the first volume of [21], we can also consider 
the (1, 3)-Kunneth component 

3) G H\W\ Z) ® H^{£, Z) 

be the (1, 3)-Kunneth component of the class /3 in H'^. Let then 

;g(l,3), : i7^(iy\Z) ^ H^{3t,Z) 

be a homomorphism of Hodge structures induced by the Kiinneth component 
,9(1,3). 

Recall that the curve W'^ is smooth and projective, but not necessarily con- 
nected. Let then 

be the connected components of W\ and let 

3),,* : H\WI Z) ^ H%£-, Z) 
be the restriction of /3(1, 3)^, on the i-th component of the group 

H\W\Z) - ®,H\wlZ) . 
Then, of course, /3(1, 3)j,* is again a morphism of Hodge structures. 
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Since each is a smooth projective curve over C, we have the Jacobian 
J\W}) of it. Let 

The morphism /3(l,3)j,*, being a morphism of Hodge structures, induces a 
holomorphic mapping 

By Theorem 12.17 on page 300 in the first volume of [21], apphed in our 
disconnected case component-wise, we have that the last holomorphic mapping 
can be computed geometrically via the Abel-Jacobi map for the threefold ^ . 

The precise description of holomorphic map /3(1, 3)j,* is as follows. Fix a point 
Pq on the smooth projective curve W^. For any other point P on let [P — Pq] 
be the class of the degree zero cycle P — Pq in the Jacobian. Let t = g\P) and 
to = g\Po), and let Dp and Dp^ be the divisors on the surfaces X[ and X^^, 
whose cohomology classes correspond to the points P and Pq respectively. Let 
also 

Ep = {i[UDp) and Ep, = {i'J,{Dp,) 

be the corresponding divisors in the threefold ^ obtained by push-forwarding 
them via the morphisms i'^ and i'^.^ , respectively. If now qi : W''^ x ^ and 
q2 '■ X 2^ ^ ^ are the projections, from the definition of Qi it then follows 
that Ep and Ep^^ can be also computed as 

Ep = {q2).ql{P) and Ep, = {q2)*ql{Po) ■ 
Therefore, Ep is homologous to Ep^-^ on the threefold and then 

;g(i, 3),,4P - Po] = M^p - ^Po) 

on the intermediate Jacobian J^(^), see Theorem 12.4 on page 294 of the first 
volume of [2T] . 

One has isomorphisms 

and 

H\U,R\g^Pi),Z) ~ H\W^ Xu ^u,^) ■ 
Composing we get an isomorphism 

w : H\W^ Xu ^u,^) ^ }lom{R'^glZ,R\fu),Z) 

The algebraic cycle ^ is a divisor on Xpi Let 

7 = c/(^) G H\W^ xpi S',Z) 

be the its cohomology class, and let 

7 G H\W^ Xu ^u,^) 

be its restriction on Zariski open subset W^xu^u- Then 7 can be also considered 
as the cohomology class of the divisor ^ on W''^ J^u- The point here is that 

w{j) = a . 
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It gives immediately that the diagram 

(7) H\W\Z) . H^{£,Z)^ 



Z) H^{f-\U), Z)^ 

is commutative, where ri and r2 are the restriction homomorphisms on coho- 
mology groups. Tensoring this commutative square by Q we may also obtain its 
Q-local version, which is better to work with from the point of view of the Hodge 
theory. 

Due to Deligne's results, jl], the cohomology groups at the bottom of the Q- 
localized commutative diagram possess a mixed Hodge structure, such that 
their 0-weights are exactly the images of the vertical homomorphisms of the 
diagram, i.e. 

WoH\w\Q) = im(ri) 

and 

WoH'\f-\U),QY = imir2), 

see [21], Volume H, p. 321]. The power of mixed Hodge structures is such 
that morphisms between them are strict with respect to both Hodge and weight 
filtrations. That was proved by Deligne in Since a'^ is a morphism of mixed 
Hodge structures, we obtain, in particular, that 

a:{WoH\w\Q))=im{a:)nWoH'\f-\U),Q)^ . 

Moreover, as a'^ is surjective, we obtain 

a:iWoH\w\Q)) = WoH%r\U),Q)^ . 

Therefore, 

im(r2) = im(r2 o 3)*) . 

It follows then that the whole cohomology group H'^{^ ,Z)^ is generated 
by the kernel of the homomorphism r2 and the image of the homomorphism 
3)*. From a suitable localization sequence for cohomology groups, we know 
that ker(r2) is generated by the images of the homomorphisms 

{i[\:H\x[,qY^H\:tM)\ 

where t G \ t/. 

All these things together gives that the homomorphism 

TT : H\W\ Q) © {®t^^.^uH\Xl Qf) H\£ , Z)^ , 

induced by the above homomorphisms /3(1,3)* and (i^)*, is surjective. This 
homomorphism is a homomorphism of polarized Hodge structures which then 
induces a surjective homomorphisms of the corresponding abelian varieties 

J{w^) ® (©i6PK^Pic°(x;)^) ^ JX{^f . 

Since Jsi(X'^)\} — this finishes the proof of Theorem |9l □ 
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7. r- ACTION ON CH'^{S) 

Now we are ready to prove the identity action of the Nikuhn involution on 
CH'^{S) in case d = 3. The below proof is similar to the proof of Bloch's 
conjecture for finite quotients of quintics in sketched in [21]. 

Theorem 10. Let k be an algebraically closed field of characteristic 0, and let 
S be the intersection of a smooth cubic and a smooth quadric in over k, both 
invariant under the involution r changing the sign of two coordinates in the 4- 
dimensional projective space. Then the action r* : CH'^{S) — CH'^{S) is the 
identity. 

Proof. As we work with Chow groups with coefficients in Q, without loss of 
generality we may assume that k = C In the notation introduced in Section HI 

S = Sq , 

where 

for smooth r-invariant cubic and quadric in P^. We need to show that 
the action of the involution r on 5 induces the identity action on CH'^{S). 

The Chow group CH'^{S) is a direct sum of ^^(5") and Q. As the action of r 
does not change the degree of 0-cycles on S, in order to prove the identity action 
on CH'^{S) it is enough to show that r acts as the identity on A'^{S). The latest 
group is generated by the differences of type P — Q, where P and Q are closed 
points on S. Thus, all we need to prove is that, for any two points P and Q on 
S, the 0-cycle t(P) — t{Q) is rationally equivalent to the 0-cycle P — Q. 

By Lemma m there exists another cubic 

such that P and Q sit on the surface 5*1 = fl ^o- For short, let 

J2 = ^0 • 

Consider a pencil 

/ : ^ — ^ P^ 

of iCS-surfaces obtained by restricting the pencil of cubics |tepi passing through 
^0 and on the quadric ^. By Bertini's theorem, we may well assume that 
the base locus of the pencil / is a smooth irreducible curve 

B = SonSi. 

Since P and Q sit on 5*0 and Si, they both are points on the curve B. 
For any t G P^ let 

and let 

be the corresponding closed embedding. Similarly like in Section [5l let 

/ : J — ^ P^ 

be a resolution of the indeterminacy locus B. Let then 
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be a closed embedding of St into ^. If 

S't — > St 

is a desingularization of St (the identity if St is smooth), let then 

t[ -.Si^^ and i[ : J 
be compositions of it and it with that desingularization. Finally, let 

Jf.B^ St 

be a closed embedding of the base locus into the fibre St, and let 

Jt--B-^ S't 

be the embedding of B into the desingularization S't of the fibre St (if St is smooth 
then S't = St). As S = Sq, it is natural to write i = io, j = jo, etc. 

The zero-cycle class [P — Q] G A^(S') is in the image of the push- forward 
homomorphism 

j.:A\B)-^A'iS). 
Let P G A^{B) be a cycle class such that 

U(3) = [P-Q]. 

Linking the current notation to those introduced in Section [2l if G = {id, r} is a 
group of order 2 generated by the involution r, the group A^[B) is generated by 
two subgroups A^{B)'^ and A^{BY. Then there exist two elements G A^{B)^ 
and /3" G ^^(E)^, such that 

/3 = + /3" . 

All we need is to show that (jo)*(/3") vanishes. 

In terms of Section [5l when ^ is J2, all the Assumptions A, B, C and D hold 
true. By Theorem |9l the cycle class /3" is a sum of cycle classes of type (j0 *(«'), 
for a' G A^{S'^Y. For any such a' let a be the pull-back of a' to St- Then /3" 
is a sum of cycle classes of type {jt)*{a), for a G ^^(S't)'*. Notice that if St is 
singular, then is nothing but the Gyzin homomorphism defined in §2.6 in [6]. 

For any t G P^, such that t 7^ 0, we have a Cartesian square 

B ^S 

jt i 



As ....H, we have that 

J*Jt ^ ^f* ' 

as homomorphisms from A-^i^St) to A^(S'), see [6], §6.2. Since 

A2(^)^ = , 

it follows that 

j*jT = . 

^need to explain here. In particular, is it a regular embedding when St isn't smooth? 
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If t = then, j*j*{a) = too. That can be deduced, for example, in the 
following way. The cycle class is represented by an intersection of two 

divisors on the surface S. One of these two divisors is B, and another one is 
an algebraically trivial divisor D representing the class a. By the result in [2], 
the class of 0-cycle D ■ B must be, mod rational equivalence, proportional to the 
class of a point sitting on a (possibly singular) rational curve on S. As D is 
algebraically trivial, it follows that [D ■ B]= jt.j*{a) = 0. 

Thus, the cycle class (3", being a sum of cycle classes of type {jt)*{a), for 
a G A^{StY, goes to under the push-forward homomorphism j*, which finishes 
the proof of Theorem [101 □ 

8. r-ACTION ON PrYMIANS 

Now we would like to go another way around and fibre a r-invariant cubic 
^ C by a pencil of r-invariant quadrics in P^. In doing that we will understand 
the structure of the group J^{^\ with regard to the action of the involution r 
on it. 

We will be now working over an algebraically closed subfield k in C, such 
that tr.deg(C//i;) 7^ 0. Let ^ be a general smooth cubic in the linear series 
=Sf . In particular, is invariant under the involution r and contains the line 
Ir- Restricting the projection of onto 11^ from the line onto the cubic 
and blowing up the indeterminacy locus /,-, we obtain a regular morphism p 
from the blow up onto 11,-. The discriminant curve C consists of two smooth 
components C2 and C3 of degree 2 and 3 respectively, see Section HI 

For any point P on 11^ the corresponding projecting plane 

Hp = span(P, It) 

intersects the cubic ^ along the line and a conic Cp. Since P, as well as the 
points of It are fixed under the involution r, the involution acts in the fibres of 
the projection p, which is good. If P G C = C2 U C3 then the conic Cp splits 
into two lines, 

Cp = Ip U Ip . 

Let 

C[ = {I e Gr(2, 5) I / is a line on "tf, such that p (/ \ Ir) G Ci} = 
= {/ C I 3P G such that / G {/J, Ip}} , 

for i = 2, 3. Then C2 and C3 are two smooth irreducible algebraic curves which 
are double covers of the smooth irreducible curves C2 and C3 respectively, 

C'^ ^ C2 and ^ C3 . 

Moreover, these two double covers are ramified at the six points of intersection 
of C2 and C3. The Hurwitz formula shows that the genera of the curves C2 and 
C3 are 2 and 4 respectively, 

giC'2) = 2 and giC!,) = 4 . 

The following descriptions of the curves and C3 mimic the classical setting 
when the discriminant curve C is irreducible, see [15] . 
Let 

— y'tf 
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be the tangent bundle of the cubic and let 

T = T^\i^ 

be the restriction of on the line Ir- Let also 

y = P(T) — > K 

be the projectivization of the 3- dimensional vector bundle T over l-r. Then, for 
any D & Ir let -D^ be the point corresponding to the line in the fibre Yd of 
the morphisms Y Ir over D. When D moves along the line the point D'^ 
moves along an algebraic curve 

biregular to the line Ir- 

Next, for any point D on 1^ we have at most 6 lines passing through D on 
and for all but finitely many points D on we have exactly 6 lines passing 
through D on One of those 6 lines is, of course, the line itself. Let D|, 
z = 1,5 be the other 5 points in When D runs over the line the points 
D\ sweep up an algebraic curve CMn 

Ct c r , 



which consists of two components biregular to the double covers C2 and C3 



3; 

cl ~ C'^ and cl ~ . 

Let now 

Ji = J{Ci) and 4 = J{Cl) 

be the Jacobians of the curves Ci and C\ respectively, where i G {2,3}. The 
double covers cl and cl over the curves C2 and C3 respectively give rise to 
involutions 

Li : C} )■ C] , 

and, respectively, involutions on the Jacobians 

/* ■ /t s. /t 

I e {2,3}. Let 

= Prym(C|/a) = {P G 4 | t*{P) = -P}° 

be the connected component containing the in the corresponding commutative 
group subvariety in j/, for each index i = 2, 3. These are the Prym varieties for 
the double covers CI/C2 and C3/C3 respectively. Since the genus of C2 is zero, 
the Prym variety ^2 coincides with the whole Jacobian JI, which then is an 
abelian surface over /cq. 

The involution r on the cubic ^ induces two involutions, T2 on Cl and rs on 
C]. Respectively, we have two involutions on the Jacobians, 

T2 : JI -> 4 and : J] J] . 

Theorem 11. The involution coincides with the involution L2 on j\, while 

t 



the involution Tg is the identity on J3 . 
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Proof. Let P be a point on the plane 11,-, and let Hp be the span of the point P 
and the line Look at the equation of the cubic 

looix2,X3,X4)xl + /ii(x2,X3,X4)Xi + loi{x2, X3, Xi)XoXi + f3{x2,Xs,Xi) = , 

see the formula (jll). Under an appropriate change of the coordinates X3 and X4, 
keeping the coordinates xq, xi and X2 untouched, the plane Hp will be given by 
the equation 

Hp : X3 = X4 = . 

Herewith, as the coordinates xq, xi and X2 remain the same, the involution r 
in P'^ can be expressed by the same formula [H so that the equations [2] for 
and n,- remain the same too. Substituting = X4 = into the above equation 
for the cubic we obtain the equation for the fibre LI fl ^ of the projection 
p : ^ over the point 

P = (0 : : 1 : : 0) 

of the intersection of two planes Hp and LI^. Namely, 

Up : X2{axl + (3x\ + 7x0X1 + 5x\) = , 

where a, /3, 7 and 6 are some numbers from /cq- If ci point A = ( 

04) sits in Hp fl ^ and 02 = then A sits on the line As we are interested in 

the fibre of the projection from ^ \ we must set X2 7^ 0. Then, if 

Ep 

is the Zariski closure of the set (Llpn^) in ^ the curve Ep is a conic defined 
by the equation 

Ep : axl + (3x1 + l^oXi + Sxl = 

in Hp. Then 

P ^ C the conic Ep splits in two transversal lines, 
Ep = /p U /p . 

Moreover, 

P G C3 ^ 5 = and P e C2 \ 03^6^0. 

Then we see that, if P G C3, the lines Ip and l~p pierces the plane LI^ at the 
point P. It follows then that = id. 
Suppose P G Cg. Since Ep splits, 

axl + /^^i + 1^0X1 + Sxl = 6{x2 + boXo + 5iXi)(x2 - b^Xo - 61X1) , 

so that the lines of Ep are defined by the equations 

/p : X2 + boXo + 61X1 = and Ip : X2 — boXo — 61X1 = . 

Now we see that r(/p) = Ip and r(/p) = Ip. □ 

Recall that = cone(/r, C2) is the quadric cone with vertex over the cubic 
C2. This quadric Jt^ is r- invariant as the line Ir, as well as the conic C2, both 
consist of fixed points of the involution r. 

Let ^1 be any smooth quadric in ^2 and consider a general pencil |=^t|jgpi 
through ^ and ^i. Intersecting the cubic ^ with the pencil |=St|tgpi we get a 
pencil of i^S- surfaces. 
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on the cubic threefold Let be yet another smooth quadric in the pencil 
tgpi, different from Then this pencil is generated by two r-invariant 
smooth quadrics and ^i, so that we are in the situation described in Propo- 
sition IHl For any t G P"*^ we write 

Let now 

Z = ^0 n ^1 n ^ 

be the base locus of the above pencil q. As the quadric is singular, the curve 
Z is singular too, see Proposition [8l We now blow up the cubic ^ at Z, 

— 

\ 9 I 
\ <? 

X Y 
pi 

Let 

K = k(F^) 

be the function field on P^, 

r] = Spec(i^) 
the generic point on over k, and let 

X = 

be the generic fibre of the morphisms q. 

Having embedded K into C by sending the transcendental parameter in to a 
transcendental number over k, one can consider also the i^3-surface Xc over C. 
Certainly, different embeddings of K into C will give different A'3-surfaces over 
C. Therefore, we fix an an embedding K C and let K be an algebraic closure 
of the field K in C. Then we have that is a i^'3-surface over K, and Xq is 
obtained from Xj^ by the extension of scalars from K to C. The above involution 
r on ^ induces an involution 

f : <^ — , 
which, in one's turn, induces an involution 

t:X — > X 

on the generic fibre. Then tq : Xq — Xq induces the identity on H^'^{Xc), so 
that Tc is a Nikulin involution on Xc, see [7]. This is why it makes sense to 
apply the reasoning from Section |3]to the surface X. By Theorem [TOl the action 
T* : CH\X) CH\X) is the identity. 

Notice that, due to Bloch and Srinivas, we know that the homological equiva- 
lence coincides with the algebraic equivalence for codimension 2 algebraic cycles 
on the cubic 'if, see [3]. This is why, Cif^('^) is isomorphic to a direct sum of 
the group A^i^) and a Q- vector space V, such that V ®(q is isomorphic to a 
subspace in the 4-th Weil cohomology group H^^{Xc,Qi{2)), for some prime /. 
Since the latest group is isomorphic to Q;, we have that ^ Q, whence 
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The curve Z has ordinary double points. However, the closed embedding 
Z ^ is still local complete intersection, so it is regular. Consider the blow up 
Cartesian square in the category of schemes over k: 



Z 

Here Z is a proper transform of the curve Z under the blow up s, and i : Z ^ ^ 
is a closed embedding of Z into By Proposition 6.7 in [6], we have a short 
exact sequence of abelian groups 

CHi{Z) ^ CHi{Z) © CH^i't^) ^ CH^i'i) , 

where for any irreducible V of dimension d we write CHniV) = CH'^~"'{V). 
The group CHi{Z) = CH^{Z) is obviously isomorphic to Q, and r acts on it 
identically. 

Now look at the pull-back homomorphism 

E : CH\^) CH\X) , 

where X is the generic fibre of the morphisms q : — )■ P^. This is a surjective 
homomorphism. Indeed, if Z is a closed integral subscheme in the scheme X 
over K = k{t), and ( its generic point, then we look at ^ as a point on the 
scheme ^ over k. Let ^ be the closure of the point ( on the scheme Then 
= [Z], where [ ] stays for the class of an integral sub-scheme in the Chow 
group. In other words, ^ is a spread of Z in 
The diagram 



CH^X) CH^X) 

obviously commutes. It means that we can try to say something about the action 
r* at the foot of the diagram looking at action of the top homomorphism f*. 

Now, since Z = P(^), where ^ is the locally free normal sheaf of rank 2 of 
Z inside the variety Z is a ruled surface over the curve Z, so that 

CHi{Z) = CH\Z) ~ Q © CH\Z) , 

where the first summand is generated by a section of the canonical morphism 
Z ^ Z. 

Notice that, for each point P of the curve Z we paste into P a horizontal line 
/ip = in which is then a section of the regular morphism q. This line hp 
gives rise to a /c-rational point P^ on the generic fibre X over k. When P runs Z, 
the point P^ sweeps up a curve Z'^ in X. Since Z is irreducible and has ordinary 
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double points, the curve is irreducible and has ordinary double points too. 
Moreover, 

CE^{Z) ^ CH\Z^) . 

Combining this isomorphism with the obvious homomorphism CH^{Z) — )■ CH^{Z) 
we obtain a homomiorphism 

c : CH\Z^) — y CH\Z) . 

Let 

/ -.Z^^X 

be the closed embedding of the curve Z^ into X over /c, and let 

be the closed embedding of the base locus Z into the cubic ^ over /cq. Then we 
obtain a commutative square of r-equivariant homomorphisms 

CH\Z^) CH\X) 

c S 

CH\Z) CH^'t^) 

Notice that the composition S o is the same as the composition 

CHi{Z) ^ CHi{Z) © CH^"^) ^ CH^"^) A CH\X) . 

Let be the Prym variety corresponding to the t*-action on the Jacobian jj, 
for i = 2,3. Similarly to the result in [15], the Chow group A^{^) is isomorphic 
to the quotient-group 

(^2©^3)/^®Q, 

where i? is a subgroup coming from 6 points in the intersection of the curves 
6*2 and C3. Let Bi be the subgroup in A^{^) corresponding to the Prymian 
under the above isomorphism. 

Theorem 12. There Chow group A^{^) is generated by the two r-equivariant 
subgroups B2 and B2 in it. The involution r* acts identically on B^, r* acts 
as multiplication by —1 on B2, and the image of the pull-back s*(i?2) under the 
homomorphism S vanishes. 

Proof. We will be using the threefold ^ and the curves /t and Ct = Cl U Cl 
in it. The curve ll does not meet the curve on Y. The curve C| meets the 
curve cl along 6 points. Let 

be a blow up of at C] U let Cl be the proper transform of C^ and let 

'^" = B1 t'(^') 
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be a blow up of at C\ . As in [15] , one can construct a regular map 

which will be generically 2:1. As we work with Chow groups with coefficients 
in Q, the pull-back 

0* : A\^") 

is an injection. Proposition 13 in [18] shows that A^i^) is r-equivariantly em- 
bedded into the product 

j| © J3 . 

By Theorem [TTl the involution T2 coincides with the involution 1.2 5 while 
the involution Tg is the identity on j]. It follows that the action of r* on B2 is 
multiplication by —1, and the action of r* on B3 is the identity. 

Finally, we observe that the lines on 'i^, corresponding to the points on the 
curve C|, all lie in the intersection of the cubic ^ with the quadric K. Then 
the above inclusion W~ C j| implies that = 0, and the theorem in the 

introduction is proved for L = K. 

□ 

Remark 13. Let sp : CH'^{X) — )■ CH'^{S) be a specialization homomorphism 
from the Chow group of the scheme-theoretic generic fibre X of the pencil jS'tl^gpi 
to the Chow group of the geometric generic fibre 5" = fl ^0 over /c, see [6]. 
This specialization is onto. Indeed, let cs be the class in CH'^{S) generated by 
points sitting on rational curves on S, as in [2] . Take a point P on S. As P sits 
on the cubic there is a line / on ^ passing through P. If this line is in S, then 
P belongs to the class cs- Then the class of the point P is in the image of sp. 
If not, then the line / is horizontal with respect to the morphism q : ^ ---> P^. 
Then we have two possibilities - either / is tangent to S at P, and then the class 
of P is in the image of sp, or / intersects S transversally at P and yet another 
point P'. Repeat the procedure again, but with regard to the point P'. If a line 
/' passing through the point P' on ^ lies in S or is tangent to 5", then again the 
class of P sits in the image of the map sp. If not, we draw a plane 11 through 
the lines / and /' , which will intersect ^ along three horizontal lines /, /' and 
/". These three lines give rise to three points on the generic fibres, which allow 
to construct a cycle class mapped in to the class of P under the specialization 
homomorphism sp. 

Remark 14. The above arguments are over an arbitrary but fixed algebraically 
closed subfield k in C. Suppose now that C / is a field extension, and / is 
algebraically closed. Then we also have a cubic % C Pf, whose intersection 
by the same pencil of quadrics, with scalars extended to /, is nothing but the 
rational map qi : % P^^ over /. Let L = K = ^{t) be the function field on 
P;^, and let rji = Spec(L) be the generic point on P^^ over /. Then Xl = {%)r,i is 
the generic fibre of the rational map P^^. Applying the same arguments as 

above, but replacing now the ground field k by the field /, we get that the action 
r2 : CH^{Xl) — CH^{Xl) is the identity. In other words, our arguments are 
stable under scalar extensions. 

Remark 15. The reader should not be confused about the pull-back homomor- 
phism S in the above reasoning. It is a surjection from a weakly representable 
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codimension 2 Chow group J^{^^ for the cubic which is a variety over the 
field /c, onto the Chow group P?{X^ of zero-cycles on the /TS-surface X, which 
is a variety over the field K = k{t). Therefore, weak representability of A^l^) 
does not imply, of course, weak representability of zero-cycles on X, which is not 
possible by Mumford's result. 

9. Smooth base locus 

Let again S be the intersection of any two generic r-invariant cubic ^ G ^3 
and quadric =S G =^2 in P^, all defined over a certain algebraically closed field k 
of zero characteristic. Let = ^ and let yet another smooth r invariant 
quadric in such that the base locus Z of the restriction of the pencil |,^t|fgpi 
through J2o and J2i on ^ is smooth. We wish now to study algebraic cycles on 
S = n 12 supported on a curve Z. 

Since ^ fl ^0 is a i^S-surface, it's canonical class vanishes. Then, by the 
adjunction formula, 

2gz-2 = deg(Z ■ Z) . 
Pick up another quadric ^[ from the linear series of quadrics in P^. If Z' = 
^ n ^0 n ^[ then 

2gz-2 = deg{Z ■ Z') = deg(^ ■ ^0 ■ ^1 ■ ^i) = 3 ■ 2^ = 24 , 

whence 

5z = 13 . 

In other words, the Hodge summand H^'^{Z) is of dimension 13. 
Let now 

j:Z^S 

be a closed embedding. Using some extra arguments one can prove the following 
corollary from Theorem (TO) 

Corollary 16. The push- forward homomorphism 

J. : A\Z) ^ A\S) 

vanishes. 
Proof. Let 

i: Z 

be a close embedding of Z into let i^z and Qz be, respectively, the structure 
sheaf and the sheaf of differentials on the curve Z in P^. Consider a standard 
short exact sequence 

— >J^z — > ^ — > i*^z , 

in the category of coherent sheaves on P^. Here J^z is the sheaf of ideals of the 
closed subscheme Z in P^. Twisting by 2 yields a new short exact sequence 

Jz{2) e{2) — ^ %.Gz{2) . 

Cohomology of coherent sheaves on P^ give rise to a long exact sequence of 
abelian groups 



0^/7°(P^^z(2)) ^//°(P^^(2)) ^i7°(P^^,^z(2)) ^iJl(P^^2(2)) ^ ... 
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Since 

by Lemma 2.10 in [8], and the the canonical sheaf ujz = is isomorphic ^z(2) 
on Z, 

we obtain that 

(9) H\F\t,ffz{2)) ~ H''(Z,nz) = H'^'^iZ) . 

In other words, i*^2(2)) is just another expression of the substantial part 

in the second cohomology of Z. 

Let now x = (xq : Xi : X2 ■ : X4) be the coordinates in P^. Let then 

= <P{x) 

be the cubic form defining and let 

fo = fo{x) and f^ = f\{x) 
be the forms defining the quadrics ^0 and ^1 respectively. If 

E = © © ^(3) , 

the triple 

(/o,/i,0) 

defines a global section 

s e /7°(P^ E) = H\F\ © i7°(P^ ^(2)) © /7°(P^ ^(3)) . 

Dualizing the corresponding morphism s : E obtain a new morphism of 

sheaves 

s:E = ^(-2) © ^(-2) © ^(-3) ^ ^ , 

such that 

coker(s) =i^Gz , 

because the scheme of zeros of the section s is exactly the curve Z. Since Z is a 
complete intersection of three hypersurfaces in P^, the exact sequence 

E ^ ^ i^Gz 

extends to the Koszul resolution 

A^E a'^E ^ E ^ ^ uGz . 
Since E = ff{-2) © ^(-2) © ^(-3), we have that 

A^E = ^(-4) © ^(-5) © ^(-5) 

and 

A^E = ^(-2) © ^(-2) © ^(-3) = ^(-7) . 
Twisting everything by 2 we obtain an exact sequence 



^ ^(-5) ^ ^(-2)©^(-3)©^(-3) -> ^©^©^(-1) ^ ^(2) ^ i*^z(2) ^ 
Let's saw up it into three short exact ones: 
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(10) -> ^(-5) ^ ^(-2) © ^(-3) © ^(-3) A^O , 

(11) ^ A ^ ^© ^© ^(-1) ^ B ^ 
and 

(12) ^ B ^ ^(2) ^ i,^^(2) ^ . 
Notice that from the last sequence we get 

Since 

H\¥^, G{n)) = 
for all integers n and all < z < 4, and 

H%F\ ^{n)) = , 
if n < 0, see Theorem 5.1 in [8], from the sequence (fTOl) we have that 

H\¥^,A) = 
for z = 0, 1, 2. Then, from (fTT]) we get 

i^^(P^ 5) ~ i7^(P^ ./z(2)) = . 
In view of ([8]) and ([9]) we get a short exact sequence 

^ iJ°(P^ ^z(2)) ^ i/°(P^ ^(2)) ^ i7°'i(Z) ^ . 

Since H^{F\A) and i^l(P^ A) vanish, i^°(P^ ^) = A; and i^°(P^ ^(-1)) van- 
ishes too, from ( fTTl) we get 

i/°(P^ ^z(2)) ~ i/°(P^ B)^k®k . 

Let be a 5-dimensional fc-vector space, such that 

p4 = p(v^) . 

Then one has a canonical isomorphism 

H\¥\ff{2)) ~ Sym'(t>) , 

where Sym^V^ is the symmetric square of the dual space V = Homfc(V, k), which 
can be identified with the space of quadratic forms on V. In particular, 

dimfci^°(P^^(2))= Q =15' 

so that 

dimif°'^(Z) = 15 - 2 = 13 , 

as above. 
Let now 

V = v-®v+ 
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be a splitting of the space V into two subspaces, such that V corresponds to 
the coordinates Xq and Xi, and corresponds to the coordinates X2, x^, and X4. 
Then 

Ir ~ ¥{V-) and ~ F{V^) . 

We have that 

Sym\V) ~ Sym^iV- © V^) ~ Sym^iV") © {V' © V^+) © Sym2(y+) , 
getting 

H^{F\ ff{2)) ~ Sym2(r-) © © V^+) © ^ym^{V+) . 
As result, we obtain the following short exact sequence 

0^ko®ko^ Sym\V~) © {V- © V+) © Sym2(y+) ^ ^ . 

We will be using now this sequence to understand the action of the involution r 
in the Hodge cohomology H^'^{Z). 

The image of /c © /c in Syra^{V~) © {V~ © V^) © Sym^(V^+) is generated by 
the quadratic forms /o and /i. Since /o and /i are supposed to be r-invariant, 
this image is also r-invariant. Besides both quadratic forms fo and /i lie in the 
r-invariant subspace 

Sym2(V^-) © Sym2(V+) 

in H^{F^, ^(2)), and they are both have non-trivial components in Sym^(V^~) 
and in Sym^(V^"*"). The tensor product 

is anti-invariant under the action of r, i.e. r acts by multiplication by —1 on it. 
Since 

dim(Sym2(V-) © Sym\V+)) = 9 

and 

dim(V^- © l7+) = 6 , 
we deduce that H^'^{Z) splits in to its r-invariant and r-anti- invariant blocks, 

H°^\Z) = H°^\Z)+ © H''^\Z)_ , 

where 

dim(if°'^(Z)+) = 7 and dim(if°'i(Z)_) = 6 . 

This computation shows that the Jacobian J of the curve Z, up to isogeny, 
splits into two non-trivial components, one of which is anti-invariant with respect 
to the action of the involution r. As it was explained in |21] , the kernel of can 
be a countable union of translates of a certain Q- vector space A © Q, where A is 
an abelian subvariety in the Jacobian J. Moreover, this A can be either or the 
whole Jacobian J, otherwise it would lead to a contradiction with irreducibility 
of monodromy action on cohomology of Z, loc.cit. If A = then the kernel of 
is countable. But the above computation then shows that the anti-invariant part 
of the Jacobian is mapped into the invariant Chow-group A^{S) with a countable 
kernel. This is an obvious contradiction, as the ground field k is assumed to be 
not countable. Therefore, A = J and vanishes. □ 
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10. Concluding remarks 

Let S be an intersection of r-invariant cubic and quadric from the linear series 
^3 and respectively. Let also T = S/t he the quotient of S by the involution 
r and let T' — )■ T be a resolution of eight nodal singularities on T coming from 
eight fixed points of the involution r on the J^S-surface S. Then T' is again a 
i^S-surface, and as we have already seen in Section [3l the transcendental motive 
t^(T') of T' is isomorphic to the transcendental motive t'^{S) of the original K3- 
surface S. A natural question is now whether the above results can help us 
to prove that the motive of the surface S is finite-dimensional? In other words, 
whether the motive t^{T') is simpler, in this or that sense, that the motive t^{S)l 

Let ^ be a family of lines in each of which intersects the line l-r at one point 
and the plane at one point. Naturally, ~ x P^. Here the isomorphism 
is provided by sending a line corresponding to a point h in to an ordered 
pair (P, Q), where P = IbHlr and Q = 1^ nUr- 

Notice that for any point i? in P^ \ Ull^} there exists a unique line Ir in the 
family ^ passing through R. Then we have a regular map from P^ \ {/^ U IIt-} 
to sending R to Ir, and the corresponding rational map (7 : P^ --^ Let 
g : P^ ---»■ j3§ be the resolution of the indeterminacy of the rational map g. 
For any point h E ^ the pre-image g~^{b) is the whole line Let 5* C P^ be 
Zariski closure of the quasi-projective surface 5 \ U 11^} in P"^. Then 5* ~ 5, 
and we have a regular map ^1^:5" — > SS. Let Zf, be a line in SS^ such that the 
intersection of and S is non-empty. Since S lies in a quadric the intersection 
5" n /fe can be either two points P and P' of intersection multiplicity 1, such that 
P' = t{P), or one point P of intersection multiplicity 2, such that t(P) = P. 
If now T is the image of the regular map from 5* to then : S* — ?■ T is 
generically 2 : 1 and T can be identified with the surface T. 

Let now r : T — )■ P^ be a composition of the closed embedding of T into 
^ pi X p2 ^i^]^ the projection onto the second factor P^. Since the cubic 
is defined by an equation 

loo{x2,X3,Xi)xl + lu{x2,Xs,X4)xl + loi{x2, X3, X4)XoXi + /3(a;2, X3, X4) = , 

and the quadric ^ is defined by an equation 

aooxl + auxj + aoiXoXi + f2{x2, X3, x^) = 

(see Section HI), the singular surface T is defined by the equation 

{loo{x2,X3,Xi)xl + /ii(x2,X3,X4)Xi + /qi (X2, X3, X4)XoXi) f2{x2,X3,X4)- 

[aooxl + auxl + aoia^oa^i) f3{x2, X3, X4) = , 

which can be viewed as a quadric equation on two variables Xq and Xi, whose 
coefficients are cubic forms in variables X2, X3 and X4. Then we see that the 
discriminant of this quadric equation will be a form of degree 6. It means that 

the brunching locus of the regular map S T is a curve of degree 6 of genus 
2 in P-"^ X P^. As T' is just a blow up of the surface T ~ T, we have a pretty 
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explicit geometrical description of T' . Yet, it does not help to understand the 
nature of the motive of the surface T' and new methods are needed here. 
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